An extension of the Connes-Lott model is proposed. It is also within the framework of the A.Connes construction based on a generalized Dirac-Yukawa operator and the K-cycle (H, D), with H a fermionic Hilbert space. The basic algebra A which may be considered as representing the non-commutative extension, plays a less important role in our approach. This allows a new class of natural extensions. The proposed extension lies in a sense between the ConnesLott and the Marseille-Mainz model. It leads exactly to the standard model of electroweak interactions. * Work supported in part by PROCOPE project Mainz University and CPT Marseille-Luminy.
1. In this paper we present an extension of the model developed by A. Connes and J. Lott [1] [2] [3] . In some sense the proposed extension lies between the Connes-Lott model and the Marseille-Mainz model [4] [5] [6] [7] within the noncommutative geometry approach to the standard model in elementary particle physics.
One of the motivations for the proposed generalisation is to avoid some peculiar features of the Connes-Lott model (CL model). These include the presence of a γ 5 matrix in Yukawa couplings, unusual in the standard model, the assignment of the fermionic additive quantum numbers and the absence of spontaneous symmetry breaking for one generation of fermions. In addition, we propose an alternative construction whose spirit is close to the one of Connes' and Lott's construction but avoids some of their predictions [3] which may be in contradiction with experiment. Finally we stress the role of the basic associative algebra A in the CL model and its phenomenological implications.
The following observation may be considered as the physical motivation for the approach based on noncommutative geometry. As for the electromagnetic interactions the photon related to the Abelian group U(1) leads to the Minkowski space-time, the electroweak interactions, and especially the W and Z particles which are connected with a noncommutative group SU(2) × U(1), may lead to a space-time where noncommutative geometry plays an important role. One of the main virtues of the noncommutative geometry approach is the explanation for the spontaneous symmetry breaking and the Higgs effect in the standard model.
A common aspect of the above models, inspired by noncommutative geometry, is the construction and importance of a certain graded differential (or derivative) algebra Ω * which may be considered as "noncommutative" generalisation of the de Rham algebra Λ * (X) of differential forms over space-time X, and which is the space where the gauge potential A lives. The models differ from each other in the choice of the specific graded differential (or derivative) algebra Ω * they use for the construction of the gauge potential (super-connection) A and field strength (super-curvature) F . This leads to somewhat different versions of the standard model in the two cases. There is indeed such a difference between the Marseille-Mainz model (MM model) and the CL model: The MM model leads exactly to the standard model with spontaneous symmetry breaking and to the Higgs potential, and gives a natural framework for the discussion of the CKM matrix [8] but it does not determine any of its parameters. The reason for this is explained and discussed in [6] . The CL model, which contains more structure, seems to lead not exactly to the standard model but to a variation of it. This follows from the fact that, with one generation only, this model shows no spontaneous symmetry breaking. It is not clear whether the presence of γ 5 in the Higgs sector leads to some unusual coupling. The quantum numbers of fermions are not from the beginning equivalent to those of the standard model unless an additional Poincare duality assumption enters the construction [2, 3, 10] . The results of [6, 7] may suggest that it is at least questionnable whether the CL model can fix some parameters of the standard model [3, 10] , even at the classical level. In what follows, we first give a brief review of the CL and the MM model (section 2 and section 3), and then proceed with the proposed extension of the CL model (sections 4, 5 and 6).
2. Since we would like to extend the CL model, it is necessary to first review some of its aspects. Here this is formulated in much simpler terms than in the original version [1, 2, 12] . This is possible by exploring the mathematical results of [11] . This was also demonstrated in [7] with a toy model. Here we use for the first time the new formulation in the realistic case. In addition, we discuss the role of the basic algebra A which constitutes the most essential difference between the CL and the MM models, and which is also the starting point for the proposed generalisation.
We essentially follow the lines of [7] and [11] but choose the associative algebra to be
with [7] . IH represents the quaternionic numbers and C ∞ (X) the smooth functions on the space-time X. This algebra leads to a standard model like version.
Given the associative algebra A, one considers first its universal differential envelope (Ω * (A), δ), which is generated by the formal elements ("words") A 0 δA 1 . . . δA n ∈ Ω n (A) and the operator δ obeying the Leibniz rule δ(AB) = (δA)B + A(δB). By means of a K-cycle (Dirac-Kasparov cycle) (H, D) over A, consisting of a Hilbert space H, a Dirac-Yukawa operator D on H, and a representation of A on H, the associative algebra Ω * (A) is represented on the space L(H) of bounded linear operators over H by
The Dirac-Yukawa operator has the form
with η a matrix as specified below (see eq. (8)). D M may be understood to be a fermionic mass matrix. Note that such an interpretation was not made in the MM approach because it is unnecessary in that framework. In the original version of Connes' and Lott's construction, the gauge potential and the field strength were taken to be elements of π(Ω * (A)). Since the representation π fails to respect the differential structure of Ω * (A), this leads to the appearance of auxiliary or adynamic fields (fields without kinetic energy) in the Lagrangian which have to be eliminated by minimization [1, 2, 13, 14] . At this stage a direct comparison with other approaches, such as the MM model, is not possible. In the more recent version of the CL model given in [12] and later in [3] , one considers in addition the space Ω *
In contrast to π(Ω * (A)), the space Ω * 
The explicit construction of the space Ω * D (A) was given in [11] . Since this result is particularly important for the treatment below, we would like to give a short discussion of it 1 . In the case where basic algebra is of the form A = A M ⊗ C ∞ (X) with A M a block diagonal matrix algebra, the differential algebra
is isomorphic to the skew tensor product of the de Rham algebra (Λ * (X), d C ) and a specific (quotient space) matrix differential algebra µ * which is IN-graded and generated from A M [11] :
The total grade of homogeneous elements [a] ⊗ α with [a] ∈ µ * and α ∈ Λ * is given by
The differential d D is given by
It is important to realize that (Ω *
depends in an essentiall way on the basic algebra A (and of course on H and D) and is uniquely determined once A is given. For the case A M = C ⊕ C, the calculation was given in [7] . Here we present the explicit result for the case A M = IH ⊕ C which corresponds to the CL model [1] [2] [3] . We consider only one generation of fermions. For the purpose of physics, we need to know only the spaces π(Ω k ) for k = 0, 1, 2. Thus we have to determine the projected ideals π(J k ) for these three values of k. They are found to be (see also [15] )
we obtain, in an obvious notation,
,
The multiplication law can easily be derived for the case Ω
In particular it is important to note that
Similarly we obtain for the differential
[, ] representing the commutator, {, } representing the anticommutator and
Note that because of the multiplication law ⊙ D we obtain {η,
The generalized potential (super-connection) A is a (skew hermitian) element of Ω 1 D (A) and reads explicitly:
and Φ the scalar field Φ = Φ 0 Φ − .
The structure group is SU(2) × U(1) given by the unitary part of A M . The field strength (super-curvature) is obtained from the structure equation
A straightforward calculation, using the multiplication rule and the differential given above, leads to the result
and
The Lagrangian L CL = −trF
From this it is obvious that the Higgs potential in the CL model with one generation of fermions (leptons) is trivial
3. For the benefit of the reader but also in order to facilitate the comparison of the various models, we would like to give a very short review of some essential ingredients of the MM model [4] [5] [6] [7] before starting with the extension of the CL model.
The starting point of the MM model is the Z Z 2 -graded algebra Ω * M (X) obtained from the skew tensor product of the matrix algebra C 3×3 and the algebra Λ * (X) of differential forms over the space-time X. The matrix algebra Ω * M (X) = C 3×3⊗ Λ * (X) is taken Z Z 2 -graded with Γ = diag(1, 1, −1) as the grading automorphism. The matrix multiplication and generalized differential d ′ is, with an obvious change of notation and with a instead of [a], given formally as in eq. (5) and eq. (6) respectively. The matrix derivative d M in C 3×3 is defined by its action on the even and odd part of a 0 and a 1 respectively [6] , with η given as in eq. (8) :
The structure of the algebra may be summarized by
′ )
It should be understood that in the MM model no quotient space is present so that the (Ω * 
The Lagrangian for the bosonic part is given by [4, 5] 
In the MM model, we obtain a non trivial Higgs potential even with one generation of fermions in accordance with the standard model. This is an important difference with the CL model.
4.
With the above preparation we are in the position to formulate our new model in a precise and, as we hope, efficient way. The most important difference between the CL and the MM model is the importance of the basic algebra A. In the CL model, the entire construction relies on the algebra A. In addition, the algebra A has also direct phenomenological implications. Not only the determination of the relevant structure group SU(2) × U(1) but also the determination of the relevant fermion representations and in particular the fermion quantum numbers are derived from the associative algebra A. In the CL model one uses the particular differential algebra Ω * D (A) since one started with A = A M ⊗ C ∞ (X). So it is this particular A which fixes the gauge potential A as an element in Ω 1 D (A). In addition it is this A which determines completely the fermionic part of the Lagrangian including all phenomenological implications [3] .
In the MM model, the starting point is a derivative algebra Ω * which generalizes the algebra Λ * (X) 2 . The gauge potential A is an element of Ω 1 . We started with C 3×3 for the construction of Ω * M only because the representation space of the Lie algebra of SU(2|1) is a C 3 . Here it is the super Lie algebra SU(2|1) only which leads to the phenomenological consequences. The result is that the MM model, as is well known [6] , even if it has the nice feature, among others, to explain e.g. spontaneous symmetry breaking and the Higgs effect in a geometrical way, has less predictive power in the fermionic sector and gives exactly the standard model. The CL model, because of the fundamental role played by the associative algebra A, seems to have more predictive power [3] .
At this point, some comments are appropriate. The fundamental role played by an associative algebra is a new aspect of the phenomenology in elementary particle physics. Usually Lie algebras are used for phenomenological implications because they correspond to infinitesimal symmetry transformations. Associative algebras are used mathematically to define the corresponding Lie algebra by the use of commutators. Furthermore, it is well known that in current algebra, the commutator product which determines the Lie algebra is well defined whereas the associative product itself is not well defined (it may be infinite). Therefore it should be stated that the use of an associative algebra for the phenomenology is not at all a priori well justified from the physical point of view. It is an essential ingredient and an important and basic aspect of the CL model which distinguishes this model from all other models within the framework of noncommutative geometry in elementary particle physics.
5.
If we relax this fundamental role of the associative algebra A, we obtain a new class of models {N} which rely essentially only on the differential algebra {Ω * N } which contains also the algebra Ω * D . We use A only as an instrument for the mathematical construction of the new differential algebra Ω * N and for nothing more. We use Ω We choose now another special case of Ω * N which is very near to the spirit of the CL model. This will give the concrete new model we would like to discuss. We denote this special differential algebra by Ω * P and we have in an obvious notation, following eq. (3), eq. (4):
( Ω *
The matrix algebra M * depends on A M , eq. (7), and D M , eq. (1), and is given by
We used the notation of eq. (2). It is obvious that in our model the division in π(Ω * ) does not depend on the C ∞ (X) part of A. The division concerns only the matrix space A M we started with. We also choose here A M = IH ⊕ C in order to obtain the right structure group SU(2) × U(1). This is the only reason for that choice and we do not fix anything else in the fermionic sector. Our next step is to determine the space Ω * P . For that purpose we proceed in a slightly different way than in the CL model (for the Ω * D ) and we first determine the space M * . The construction of Ω * P is obtained in a straightforward manner by the skew tensor product of M * and Λ * .
Using D M as in eq. (1), and C as in eq. (8), we obtain
So we obtain from eq. (11)
The multiplication • M and the differential d M are given canonically by the quotient of π(Ω * (A M )) by π(J * (A M )) and we have in an obvious notation:
The space (Ω * P , ⊙ P , d P ) is given by
So we have explicitly for j = 0, 1, 2:
It is interesting to note that Ω (9)) . The multiplication rule ⊙ P and the differential d P are now different. The field strength in this model reads:
Using the results of eq. (12) we easily obtain in the notation of eq. (10) It is obvious that this Lagrangian, in contrast to the L CL , leads to spontaneous symmetry breaking even with one generation of fermions. It is also important to realize that at this level, L P is similar to the one in the MM model, although there the structure group was the group SU(2|1).
6.
We may now summarize our results. We have constructed a new model within the spirit of the Connes-Lott approach which gives precisely the standard model in elementary particle physics. It is directly formulated in Minkowski space-time. It contains none of the unusual aspects of the Connes-Lott model as e.g. the fixing of the gauge group and consequently the problem of the fixing of fermionic quantum numbers, the non-existence of spontaneous symmetry breaking in the case of one generation of fermions and perhaps the presence of some unusual couplings.
Although formulated in the framework of a differential algebra (d P d P = 0), it is interesting to note that the bosonic sector of the proposed model is equivalent to the Marseille-Mainz model, which is based on an algebra with derivative only (d ′ d ′ = 0).
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